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Introduction
A numerical integration rule is a finite linear combination of point evaluations that approximates an integral. The degree of precision of such a rule is the highest total degree of polynomials that are evaluated exactly. For a fixed degree of precision, the minimal rule uses the smallest number of point evaluations. Finding a minimal rule is a difficult problem and the most challenging part lies in identifying the set of nodes used in the rule, which is often a desirable set of points for polynomial interpolation. For integration on subsets of the real line, a Gaussian quadrature rule is minimal; its nodes are known to be zeros of orthogonal polynomials and polynomial interpolation based on the nodes has desired convergence behavior. The problem is far less understood in higher dimension, where we have fewer answers and many open questions. The purpose of this paper is to explain the situation when the integral domain is a square on the plane, for which we know more than on any other domain.
We can work with any fixed square and will fix our choice as := [−1, 1] 2 throughout the paper. Let Π 2 n denote the space of polynomials of (total) degree at most n in two real variables, where the total degree means the sum of degrees in both variables. It is known that dim Π 2 n = (n + 1)(n + 2)/2. Let W be a nonnegative weight function on the square. For the integral with respect to W , a cubature rule of degree of precision m (abbreviated as degree m from now on) is a finite sum, defined below, such that
and there exists at least one f ∈ Π 2 m+1 such that the equality (1) fails to hold. The integer N is the number of nodes. The points (x k , y k ) ∈ R 2 are called nodes and the numbers λ k are called weights of the cubature rule, respectively. We consider only positive cubature rules for which λ k are all positive.
As in the case of one variable, the nodes of a minimal cubature rule are closely related to the zeros of orthogonal polynomials. A polynomial P is an orthogonal polynomial of degree n with respect to the weight function W if P ∈ Π Let V n (W ) denote the space of orthogonal polynomials of degree n. Then dim V n (W ) = n + 1, as can be seen by applying the GramSchmidt process to x n , x n−1 y, . . . , xy n−1 , y n . However, the structure of zeros for polynomials of more than one variable can be complicated and what is needed is the common zeros of a family of orthogonal polynomials of degree n. A common zero of a family of polynomials is a point which is a zero for every polynomial in the family. To be more precise, what we often need is to identify a polynomial ideal, I, generated by a family of orthogonal polynomials in V n (W ), so that its variety, V , is real and zero-dimensional, and the cardinality of V equals the codimension of I. Given the status of real algebraic geometry, this is difficult in general. Only in a few cases can we establish the existence of a minimal, or near minimal, cubature rule and identify its generating polynomial ideal explicitly. The nodes of such a cubature rule are good points for polynomial interpolation. Indeed, using the knowledge on orthogonal polynomial that vanish on the nodes, it is not difficult to construct a polynomial subspace Π to the square allows us to describe the idea and results without becoming overly tangled by notations.
The minimal or near-minimal cubature rules offer highly efficient tools for high-precision computation of integrals. It is unlikely, however, that they will become a major tool for numerical integration any time soon, because we do not know how to construct them in most cases. Moreover, their usage is likely restricted to lower dimension integrals, since they are even less understood in higher dimensions, where the difficulty increases rapidly as the dimension goes up, and, one could also add, truly high-dimensional numerical integration is really a different problem (see, for example, [7] ). Nevertheless, with their deep connection to other fields in mathematics and their promise as high dimensional substitute for Gaussian quadrature rules, minimal cubature rules are a fascinating object to study. It is our hope that this paper will help attract researchers into this topic.
The paper is organized as follows. We review the theoretic results in the following section. In Section 3, we discuss minimal and near minimal cubature rules for the Chebyshev weight functions on the square, which includes a discussion on the Padua points. In Section 4, we discuss more recent extensions of the results in previous section to a family of weight functions that have a singularity on the diagonal of the square. Finally, in Section 5, we describe how cubature rules of lower degrees can be established for unit weight function on the square.
Cubature Rules and Interpolation
We are interested in integrals with respect to a fixed weight function W over the square, as in (1), and we assume that all moments of W are finite. A typical example of W is the product weight function
This weight function is centrally symmetric, which means that it is symmetric with respect to the origin; more precisely, it satisfies W (x, y) = W (−x, −y).
γ , with γ = α, the resulting weight function will not be centrally symmetric.
Many of the results below hold for cubature rules with respect to integrals on all domains in the plane, not just for the square. We start with the first lower bound for the number of nodes of cubature rules [23] .
Theorem 1 Let n be a positive integer and let m = 2n − 1 or 2n − 2. If the cubature rule (1) is of degree m, then its number of nodes satisfies
A cubature rule of degree m is called Gaussian if the lower bound (2) is attained. In the one-dimensional case, it is well-known that the Gaussian quadrature rule of degree 2n−1 has n = dim Π n−1 nodes, where Π n denote the space of polynomials of degree at most n in one variable, and the same number of nodes is needed for the quadrature rule of degree 2n − 2.
For n = 0, 1, 2, . . ., let {P n k : 0 ≤ k ≤ n} be a basis of V n (W ). We denote by P n the set of this basis and we also regard P n as a column vector
where the superscript t denotes the transpose. The Gaussian cubature rules can be characterized as follows:
Theorem 2 Let P s be a basis of V s (W ) for s = n and n − 1. Then 1. A Gaussian cubature rule (1) of degree 2n − 1 exists if, and only if, its nodes are common zeros of the polynomials in P n ; 2. A Gaussian cubature rule (1) of degree 2n − 2 exists if, and only if, its nodes are common zeros of the polynomials in
where Γ is a real matrix of size (n + 1) × n.
For m = 2n − 1, the characterization is classical and established in [19] ; see also [8, 20] . For m = 2n − 2, the characterization was established in [18, 21] . As in the classical Gaussian quadrature rules, a Gaussian cubature rule, if it exists, can be derived from integrating the Lagrange interpolation based on its nodes.
Let
are zeros of a Gaussian cubature rule, then the Lagrange interpolation polynomial is uniquely determined. Moreover, let K n (·, ·) be the reproducing kernel of the space V n (W ), which can be written as
where {P m k : 0 ≤ k ≤ m} is an orthonormal basis of V m (W ); then the Lagrange interpolation polynomial based on the nodes (x k , y k ) of the Gaussian cubature rule can be written as
where λ k are the cubature weights; moreover,
Another characterization, more explicit, of the Gaussian cubature rules can be given in terms of the coefficient matrices of the three-term relations satisfied by the orthogonal polynomials.
For n = 0, 1, 2, . . ., let {P n k : 0 ≤ k ≤ n} be an orthonormal basis of V n (W ). Then there exist matrices A n,i : (n + 1) × (n + 2) and B n,i : (n + 1) × (n + 1) such that ( [8] ),
for i = 1, 2. The coefficient matrices B n,i are necessarily symmetric. Furthermore, it is known that B n,i = 0 if W is centrally symmetric.
Theorem 3 Let n ∈ N, Assume that the cubature rule (1) is of degree 2n − 1.
1. The number of nodes of the cubature rule satisfies
2. The cubature is Gaussian if, and only if,
In particular, Gaussian cubature rules do not exist for centrally symmetric weight functions.
The lower bound (5) was established by Möller in his thesis (see [17] ). The more general lower bound (4) was established in [26] , which reduces to (5) when W is centrally symmetric. The non-existence of the Gaussian cubature rule of degree 2n − 1 for centrally symmetric weight functions motivates the consideration of minimal cubature rules, defined as the cubature rule(s) with the smallest number of nodes among all cubature rules of the same degree for the same integral. Evidently, the existence of a minimal cubature rule is a tautology of its definition.
Cubature rules of degree 2n − 1 that attain Möller's lower bound N min in (5) can be characterize in terms of common zeros of orthogonal polynomials as well.
Theorem 4 Let W be centrally symmetric. A cubature rule of degree 2n − 1 attains Möller's lower bound (5) if, and only if, its nodes are common zeros of (n + 1) − n 2 many orthogonal polynomials of degree n in V n (W ). This theorem was established in [17] . In the language of polynomial ideal and variety, we say that the nodes of the cubature rule are the variety of a polynomial ideal generated by n+1 2 + 1 many orthogonal polynomials of degree n. More general results of this nature were developed in [26] , which shows, in particular, that a cubature rule of degree 2n − 1 with N = N min + 1 exists if its nodes are common zeros of n+1 2 many orthogonal polynomials of degree n in V n (W ). These cubature rules can also be derived from integrating their corresponding interpolating polynomials. However, since N min is not equal to the dimension of Π 2 n−1 , we need to define an appropriate polynomial subspace in order to guarantee that the Lagrange interpolant is unique. Assume that a cubature rule of degree 2n−1 with N = N min exists. Let σ = n 2 and let P n := {P 1 , . . . , P n−σ } be the set of orthogonal polynomials whose common zeros are the nodes of the cubature rule. We can assume, without loss of generality, that these polynomials are mutually orthogonal and they form an orthonormal subset of V n (W ). Let Q n := {Q 1 , . . . , Q σ } be an orthonormal basis of V n (W )\span P n , so that P n ∪Q n is an orthonormal basis of V n (W ). Then it is shown in [26] that there is a unique polynomial in the space
that interpolates a generic function f on the nodes of the minimal cubature rule; that is, there is a unique polynomial L n f ∈ Π * n such that
where (x k , y k ) are zeros of the minimal cubature rule. Furthermore, this polynomial can be written as
where
Integrating L n f gives a cubature rule with N min nodes that is exact for all polynomials in Π 2 2n−1 and, in particular,
. Furthermore, the above relation between cubature rules and interpolation polynomials hold if σ = n 2 + 1 and the cubature rule has N min + 1 points. All our examples are given for cubature rules for centrally symmetric cases. We are interested in cubature rules that either attain or nearly attain the lower bounds, which means Gaussian cubature of degree 2n − 2 or cubature rules of degree 2n − 1 with N min nodes or N min + 1 nodes. When such a cubature rule exists, the Lagrange interpolation polynomials based on its nodes possesses good, close to optimal, approximation behavior.
Because our main interest lies in the existence of our cubature rules and the convergence behavior of our interpolation polynomials, we shall not state cubature weights, λ k in (1), nor explicit formulas for the interpolation polynomials throughout this paper. For all cases that we shall encounter below, these cubature weights can be stated explicitly in terms of known quantities and interpolation polynomials can be written down in closed forms, which can be found in the references that we provide.
Results for Chebyshev Weight Function
We start with the product Gegenbauer weight function defined on [−1, 1]
2 by
The cases λ = 0 and λ = 1 are the Chebyshev weight functions of the first and the second kind, respectively. One mutually orthogonal basis of V n (W ) is given by
where C λ n denotes the usual Gegenbauer polynomial of degree n. When λ = 0, C λ n is replaced by T n , the Chebyshev polynomial of the first kind, and when λ = 1, C λ n = U n , the Chebyshev polynomial of the second kind. Setting x = cos θ, we have T n (x) = cos nθ and U n (x) = sin(n + 1)θ sin θ .
In the following we always assume that
The first examples of minimal cubature rules were given for Chebyshev weight functions soon after [17] . We start with the Gaussian cubature rules for Chebyshev weight function of the second type in [18] .
Theorem 5 For the product Chebyshev weight function W 1 of the second kind, the Gaussian cubature rules of degree 2n − 2 exist. Their nodes can be explicitly given by
which are common zeros of the polynomials
However, W 1 remains the only weight function on the square for which the Gaussian cubature rules of degree 2n − 2 are known to exist for all n. For other weight functions, for example, the constant weight function W 1/2 (x, y) = 1, the existence is known only for small n; see the discussion in the last section.
For minimal cubature of degree 2n − 1 that attains Möller's lower bound, we are in better position. The first result is again known for Chebyshev weight functions.
Theorem 6 For the product Chebyshev weight function W 0 of the first kind, the cubature rules of degree 2n − 1 that attain the lower bound (5) exist. Moreover, for n = 2m, their nodes can be explicitly given by
For n = 2m, this was first established in [18] , using the characterization in [17] , and it was later proved by other methods [1, 16] . The case for n = 2m − 1 is established more recently in [31] , for which the structure of orthogonal polynomials that vanish on the nodes is more complicated, see the discussion after Theorem 4.2. The analog of the explicit construction in the case n = 2m holds for cubature rules of degree 2n − 1, with n = 2m − 1, that have one more node than the lower bound (5) [26] . The nodes of these formulas are by [28] (cos
, cos
and they are common zeros of the polynomials
These points are well distributed. Two examples are depicted in Figure 1 . The Lagrange interpolation polynomials based on the nodes of these cubature rules were first studied in [28] . Let L n f (x, y) denote the Lagrange interpolation polynomial based on the nodes (10) for n = 2m and on (11) for n = 2m−1, which belongs to the space Π * n defined in (6) . Using the Christoffel-Darboux formula in two variables, these interpolation polynomials can be given explicitly. Their convergence behavior is about optimal among all interpolation polynomials on the square. To be more precise, we introduce the following notation.
Let · p denote the usual L p norm of the space L p ( , W 0 ) for 1 ≤ p < ∞, and define it as the uniform norm on the square when p = ∞. For f ∈ C( ), let E n (f ) ∞ be the error of best approximation by polynomials from Π 2 n in the uniform norm; that is,
Theorem 7 Let f be a continuous function on . Then 1. There is a constant c > 0, independent of n and f , such that
which is the optimal order among all projection operators from C(Ω) → Π * n . The first item was proved in [28] , which shows that L n f behaves like polynomials of best approximation in L p norm when 1 ≤ p < ∞. The second one was proved more recently in [3] , which gives the upper bound of the Lebesgue constant; that this upper bound is optimal was established in [24] . These results indicate that the set of points (10) is optimal for both numerical integration and interpolation. These interpolation polynomials were also considered in [12] , and further extended in [13, 14] , where points for other Chebyshev weights [18] ,
, are considered. The interpolation polynomial L n f defined above is of degree n and its set of interpolation points has the cardinality dim Π 2 n−1 + n/2 or one more. One could ask if it is possible to identify another set of points, say X n , that has the cardinality dim Π 2 n and is just as good, which means that the interpolation polynomials based on X n should have the same convergence behavior as those in Theorem 7 and the cubature rule with X n as the set of nodes should be of the degree of precision 2n − 1. If such an X n exists, the points in X n need to be common zeros of polynomials of the form
where Γ 1 and Γ 2 are matrices of sizes (n+2)×(n+1) and (n+2)×n, respectively. For W 0 , such a set indeed exists and known as the Padua points [2, 4] . One version of these points is
which are common zeros of polynomials Q n+1 k , 0 ≤ k ≤ n + 1, defined by
Theorem 8 For n ∈ N, let X n be defined as in (12) . Then |X n | = dim Π 2 n and 1. There is a cubature rule of degree 2n − 1 with X n as its set of nodes. 2. There is a unique polynomial of degree n that interpolates at the points in X n , which enjoys the same convergence as that of L n f given in Theorem 7.
One interesting property of the Padua points is that they are self-intersection points of a Lissajous curve. For X n given in (12) , the curve is given by Q n+1 0 or, in parametric form, (− cos((n + 1)t), − cos(nt)), 0 ≤ t ≤ (2n + 1)π, as shown in Figure 2 . The generating curve offers a convenient tool for studying the interpolation polynomial based on Padua points. More generally, a Lissajous curve takes of the form (cos((n + p)t), cos(nt)) with positive integers n and p such that n and n + p are relatively prime. It is known [11] that such a curve has (n − 1)(n + p − 1)/2 self-intersection points inside [−1, 1] 2 . For p = 1, the number is not equal to the full dimension of Π m for any m in general. Nonetheless, these points turn out to be good points for cubature rules and for polynomial interpolation, as shown in [9, 10] .
Results for a Family of Weight Functions
In this section we consider a family of weight functions that include the Chebyshev weight functions as special cases. Let w be a weight function on the interval [−1, 1]. For γ > −1/2, we define a weight function
When w is the Jacobi weight function w α,β (x) := (1 − x) α (1 + x) β , we denote the weight function W γ by W α,β,γ . It is not difficult to verify that
In the special cases of α = β = − 1 2 and γ = ± 1 2 , these are exactly the Chebyshev weight functions. It was proved recently in [29, 31] , rather surprisingly, that the results in the previous section can be extended to these weight functions. First, however, we describe a family of mutually orthogonal polynomials. To be more precise, we state this basis only for the weight function W α,β,± (x) = 1. For x = cos θ and y = cos φ, we define
It turns out that P
itself is a polynomial of degree n in the variables u and v, as can be seen by the elementary trigonometric identities 2xy = cos(θ − φ) + cos(θ + φ) and
and the fundamental theorem of symmetric polynomials. Furthermore, P α,β,± 1 2 k,n (u, v), first studied in [15] , are orthogonal polynomials with respect to a weight func-tion on a domain bounded by a parabola and two straight lines and the weight function admit Gaussian cubature rules of all degrees [22] . These polynomials are closely related to the orthogonal polynomials in V n (W α,β,− 1 2 ), as shown in the following proposition established in [30] :
and a mutually orthogonal basis for V 2m+1 (W α,β,±
) is given by
The orthogonal polynomials in (16) of degree 2n are symmetric polynomials in x and y, and they are invariant under (x, y) → (−x, −y). Notice, however, that the product Chebyshev polynomials do not possess such symmetries, even though W − are the Chebyshev weight functions. We now return to cubature rules and interpolation and state the following theorem.
Theorem 10
The minimal cubature rules of degree 2n − 1 that attain the lower bound (5) exist for the weight function W ± 1 2 when n = 2m. Moreover, the same holds for the weight function W α,β,± 1 2 when n = 2m + 1.
The orthogonal polynomials whose common zeros are nodes of these cubature rules, as described in Theorem 4, can be identified explicitly. Let us consider only W α,β,− 
), as shown in [31] . For n = 2m, the nodes of the minimal cubature rules for W α,β,− 1 2 are not as explicit as those for n = 2m. For interpolation, it is often easier to work with the near minimal cubature rule of degree 2n − 1 when n = 2m + 1, whose number of nodes is just one more than the minimal number N min in ( For n = 2m, the nodes of the minimal cubature rule of degree 2n − 1 consist of
For n = 2m + 1, the nodes of the near minimal cubature rule of degree 2n − 1 consist of
The weight function W α,β,− 1 2 has a singularity at the diagonal y = x of the square when α = − . This is reflected in the distribution of the nodes, which are propelled away from these diagonals. Furthermore, for a fixed m, the points in X 2m and X 2m+1 will be propelled further away for increasing values of α and/or β. In Figure 3 we depict the nodes of the minimal cubature rules of degree 31 for W 1 2 ,
, which has singularity on both diagonals, and for W 1 2 ,− , which has singularity at the diagonal y = x. Writing explicitly, these weight functions are
We also depicted the curves that bound the region that does not contain any nodes, which are given in explicit parametric formulas in [31, Proposition 3.6] . The region without nodes increases in size when α and/or β increase for a fixed m, but they are getting smaller when m increases while α and β are fixed. These figures can be compared to those in Figure 1 for the case α = β = − 1 2 , where the obvious symmetry in X α,β n is not evident. Let L α,β n f be the interpolation polynomial based on X α,β 2m when n = 2m and on X α,β 2m+1 when n = 2m + 1, as defined in (7) . The asymptotics of the Lebesgue constants for these interpolation polynomials can be determined [29, 31] . 
It should be mentioned that an explicit formula for the kernel K * n in (8) is known, so that the interpolation polynomials L α,β n f can be written down in closed form without solving a large linear system of equations.
Minimal Cubature Rules for Constant Weight
The weight functions in the previous two sections contain the Chebyshev weight functions but do not include the weight functions ( 
2 . In particular, it does not include the constant weight function W (x, y) = 1.
For these weight functions, it is possible to establish their existence when n is small. In this section we discuss how these formulas can be constructed. For cubature rules of degree 2n − 2, we consider the Gaussian cubature rules described in the item 2 of Theorem 2. For cubature rules of degree 2n − 1, we consider minimal cubature rules that attain the lower bound (5). Both these cases can be characterized by non-linear system of equations, which may or may not have solutions. We shall describe these equations and solve them for the constant weight function for small n. The known cases for these cubature rules are listed in [5, 6] .
Throughout the rest of this section, we shall assume that W (x, y) = 1. Let V n be the space of orthogonal polynomials of degree n with respect to the inner product f, g = 1 2 f (x, y)g(x, y)dxdy. Then an orthonormal basis of V n is given by P n k (x, y) = P n−k (x) P k (y), 0 ≤ k ≤ n, where P n = √ 2n + 1P n and P n is the classical Legendre polynomial of degree n. In this case, the coefficients B n,i in the three-term relations (3) are zero and the three-term relations take the form xP n (x, y) = A n,1 P n+1 (x, y) + A t n−1,1 P n−1 (x, y), yP n (x, y) = A n,2 P n+1 (x, y) + A t n−1,2 P n−1 (x, y), where P n = (P n 0 , . . . , P 
Minimal cubature rules of degree 2n − 2
By Theorem 2, the nodes of a Gaussian cubature rule of degree 2n − 2, if it exists, are common zeros of P n + Γ n P n−1 for some matrix Γ n of size (n + 1) × n. The latter is characterized in the following theorem [27] .
Theorem 12
The polynomials in P n + Γ n P n−1 have n(n + 1)/2 real, distinct zeros if, and only if, Γ n satisfies The equations in (19) imply that Γ n can be written in terms of a Hankel matrix H n = (h i+j ) of size (n + 1) × n, Γ = G n H n G t n−1 , where G n = diag{g n,0 , g n−1,1 , . . . , g 1,n−1 , g 0,n }
with g n−k,k = γ n−k γ k and γ k = (2k)! √ 2k + 1 2 k k! 2 .
where G n is defined as in (21) . Thus, to find the matrix V we need to solve (23) for H n and make sure that the matrix W is nonnegative definite and has rank Once H n is found, it is easy to verify that W satisfies the desired rank condition and is non-negative definite. We can then find U , or the set of orthogonal polynomials, and then find common zeros. For example, when n = 5, we have 4 orthogonal polynomials of degree 5 given by which has 17 real common zeros inside the square. Only numerical results are known for the case n = 6. We also tried the case n = 7, but found no solution numerically.
